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SOME REMARKS ON DUNKL-TYPE OPERATORS WITH 

PROJECTIONS TERMS 

FETHI BOUZEFFOUR 

Abstract. We present a Dunkl-type operator Tj, (^ e K^) constructed with the help 
of orthogonal projections associated with a subsystem R of root system. Similarly to 
the Dunkl theory we prove in the case when R is orthogonal system, the operators 
Tj, ^ e R^ commute, also we construct an intertwining between T^ and the directional 
: ' derivative d^. In the one variable we prove that this operator admits as eigenfunction 

f^ . the Kummer function. This paper contains some other results which are the prelude of 

^S] ' harmonic analysis related to this operator. 

5—1 

O . Keywords: Root system. Differential-difference operator, intertwining operator. 
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I — r 1. Introduction 

rj ■ During the last thirty years, Dunkl operators have largely contributed to the develop- 

ment of the harmonic analysis and the theory of special functions associated with root 
systems. Roughly speaking, Dunkl operators are commuting differential-difference oper- 
ators on a Euclidean space which are associated with a finite refection group and have a 
continuous set of parameters, called the multiplicities. 
The Dunkl operators were introduced by C.F. Dunkl in a series of papers (see, [SHHEIE]), 

^ I where he built up the framework for a theory of special functions and integral transforms 

^ ' in several variables related with reflection groups. Besides them, there are now various 

further Dunkl-type operators, in particular the trigonometric Dunkl operators of Heckman 

lO ' (see, [HI [To]), Opdam (see, [11]) and Cherednik (see, [2]) and the important g-analogues of 

t:;J^ I Macdonald and Cherednik (see, p]). 

O ■ In this work, we introduce a new class of Dunkl-type operators T^, ^ ^ M^, which are 

a mixture of differential and difference operators with orthogonal projections terms. In 
other words, these operators flow from Dunkl operators after replacing the reflections 
terms that exist in their expressions by orthogonal projections terms. 

rS ■ Several problems related to the Dunkl theory arise in the sitting of ours operators, in 

cd . particular, commutativity of T^, ^ G M^, the existence of intertwining operator. 

In this paper, we show that these operators satisfy the fundamental property of differential- 
difference operators that is their commutativity in particular case when the subsystem R 
is orthogonal and we construct an intertwining between T^ and the directional derivative. 
The specialization of this theory to the case of rank one has its own interest, because 
everything can be done there in a much more explicit way, and new results for special 
functions in one variable can be obtained. In the rank one case, the eigenfunction func- 
tion associated to the Dunkl-type operator is expressed explicitly in terms of the Kummer 
function. 

The outline of the content of this paper is as follows. In section 2, we collect some def- 
initions and results related root systems and Dunkl operators which will be relevant for 
the sequel, also we introduce a Dunkl-type operators T^ and we show that these operators 
commute in the case of orthogonal system. In section 3, we give an explicit formula for the 
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intertwining operator between T^ and the directional derivative. Section 4, is devoted to 
study two interesting case, the one variable case and the case when the R is the canonical 
basis of M^. 

2. The operator T^ 

Let us begin to recall some results concerning the root systems. A useful reference for 
this topic is the book by Humphreys [Tj. Let a G ]R^\{0}, we denote by Sa the reflection 
in the hyperplane (Ma)-*" orthogonal to a; that is, 

where (. , .) denotes the Euchdean scalar product on M^, and \x\ = \J {x, x). 
A root system is a finite set R of nonzero vectors in M^ such that 

ao,{R) = R, and RnRa = {±a} 

for any a E R. A positive subsystem i?+ is any subset of R satisfying R = i?+ U {—/?+}. 
The real Coxeter group W = W{R) (or real finite reflection group) generated by the root 
system R C M^ is the subgroup of orthogonal group 0{N) generated by {sq : a G -R}. 
A multiplicity function on i? is a complex-valued function k : R — > C which is invariant 
under the Coxeter group, i.e., 

K{a) = K{ga), V a G -R, ^ g E W. 

Let ^ G M^, the Dunkl operator T^, associated with the Coxeter group W{R) and the 
multiplicity function k, is the first order differential- difference operator: 

(2.1) (T,/)(x) = 9,/(x)+5^K(a)(a,e)^^^^4^- 

Here d^ is the direction derivative corresponding to ^. 

The Dunkl operator T^ is a homogeneous differential operator of degree —1. By the 

VF-invariance of the multiplicity function k, we have 

g-'oT^og = Tg^, WgeW{R), UR"". 

The remarkable property of the Dunkl operators is that the family {T^, ^ G M^} generates 
a commutative algebra of linear operators on the C-algebra of polynomial functions. 
For a vector a G M^ \ {0}, we write 

(2.2) T^{x) = x- ^^a, X G M^, 

1*^1 

for the orthogonal projection in the hyperplane (Ma)^ = {x : {x,a) = 0}, so that the 
reflection Sa with respect to hyperplane orthogonal to a is related to Tq, by 

The hyperplane (Ma)-*" is the invariant set of r^. Tow orthogonal projections Ta and r^ 
commute if and only if {a, /3) = 0. The conjugate of orthogonal projection in a hyperplane 
is again an orthogonal projection in a hyperplane: suppose u G 0{N) and a G ]R^\{0} 
then 
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For ^ G ]R^\{0}, introduce the operator pa defined on C°°(M^) by 

(2.3) ipj)ix) = ^^^\~ ^[^"^^ ■ 

{x, a) 

We denote by 11^ the C— algebra of polynomials functions on M^ and 11^ the subspace 
of homogenous polynomials of degree n. 

Lemma 2.1. 1) If f E C°°(M^), then p^f G C°°(M^). 

2) The operator pa is a homogeneous difference operator of degree —1 on U^ , that is, 

pjeu^.jorfeu^. 

Proof If x G M^, then 

2.4 {Paf){x) = ^ = --^ / da, fix - t—-^a) dt. 

The right hand side is smooth if / is, which proves the statement about C°°(]R^). If / is 
a polynomial, so is paf- □ 

Lemma 2.2. For a G M^\{0} and f G C°°{R). we have 

{Paf){TaX) = \a\~^{daf){To,x). 

Proof Let / G C°°(M). From (1231), we have 

{Paf){TaX) = -f—p; / daf{raX - t " ' a)dt 

fI Jo l"r 

dafi^aX — t — ^— ^1 — a)dt 



a| ./o l«l 



|a| '^{daf){rax). 
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Let i? be a root system in M^, G the associated refection group and k, a multiplic- 
ity function on R. For ^ G M^, we define T^ the differential-difference operator with 
orthogonal projections terms associated with R and k by 

(2.5) (T^/)(x) = ae/(a;) + ^«:(a)(a,0^^^4^4^- 

For j = 1, ..., A^ denote Tg. by T^. The above definition does not depend on the special 
choice of R. The Dunkl-type operators T^ attached with R can be considered as defor- 
mations of the usual partial derivatives by projections parts. These projections terms are 
coupled by parameters, which are given in terms of a multiplicity function k. In case 
K = 0, the operator T^ reduces to the corresponding directional derivative. 

Example 2.1. In the rank one case, the root system is of type Ai and the corresponding 
reflection s and orthogonal projection r are given by 

s{x) = —X, t{x) = -(1 + s){x) = 0. 

The Dunkl-type operator T^ associated with the projection r and the multiplicity param- 
eter K, (k G C) is given by 

X 



■^^ {w~^x, a) 
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Proposition 2.3. 1) If f e C™(M^) wt/i m > 1, then T^f e C™-i(M^). 

2)The operator T^ is a homogeneous differential- difference operator of degree —1 on li^ , 

that IS, T^p G n;^_i, forpe U^ . 

Consider the natural action of G on function / : R^ — )■ C given by 

{af){a~^x), a e G. 

Proposition 2.4. Let w e G and ^ G R^ , then wT^w~^ = T^^. 

Proof Let / G C°°{R), tlien 

fjwx) - fJT^qX) 

>x, a) 

f{x) - f{wTaW~^x) 
aeR 

fix) - fi^waX) 

(x, wa) 

aeR ^ ' ' 

= T^af (x) . 

Tlie summation variable a G i? is replaced by /? = wa. D 

For t G M^ let rrit denote the multiplier operator on 11^ given by 

(rritp) (x) := (t, x) p (x) . 
Proposition 2.5. For a,t E R^ 

[T^, m,] fix) = (e, t) /(x) + V «:(a)iil^l|l^/(r„a:), 

where the commutator of two operators A, B is defined by 

[A,B] := AB-BA 

Proof. Let / G 11^, we have 

^^((t, .)/)(x)-(t,x)9^/(x) = (t,e)/(x). 

Next for any a G i? we have 

(t, X) f{x) - (t, TgX) fJTaX) ^ f{x) ~ f [t^x) _ {t,a) 

{x,a) {x,a) \a\^ 

This proves the formula. D 

If Ta is an orthogonal projection, then Tq acts on function / : R^ — )■ C as 

iraf)ix) := f{TgX). 
Lemma 2.6. For ^ G R^ and (3 G R satisfying 

Va G R\{^} T^{a) = a. 
Then 
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Proof. A simple calculation shows 



{T^Tpf){x) = drp^f{Tpx) + ^ n{a){a,0 



(x, a) 
Using Lemma 2.2 and the fact that T/3(a) = a, we can write 

aeR\m K-rpx^a) \p\ 

= dJ[T,ix)+ 2^ «:(a)(a,0 7—7 + K{(5)—^Tpdp. 

aei?\{/3} ^ ' ' I "I 

On the other hand 

f{.TfiX) - f{TfjTaX) 



Therefore, 



(T^r/3/)(x) = + J]K(a)(a,0- , . 



[t^,T^] = d^^r^Jir^x) + K{^)-^Tpdp 



{l + >^m^r,d,. 
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The main result about Dunk- type operators T^, on which all their applications are 
based, is the following theorem 

Theorem 2.7. Let R be an orthogonal subsystem of a root system and ^,r] E M^ then 

Proof. Let t G M^; we will show [[T^,T^] ,mt] = 0. Indeed 

im, Tr,] , rrit] = [[T^, rut] , T^] - [[%„ rrit] , T^] , 
and 

m, mt] , T,] = [(e, t) , T,] + J] /. («) iil^l|l^ [r„, T,] 

= > (l + /t(a))/«(Q;) —4 Tada, 

which is symmetric in ^, rj, we obtain that 

[[T^,Tr,],mt]. 

The algebra generated by |mt : t G M^} is H^. For any p G H^ we have [T^,T^]p = 
p[T^,T,]l=0. a 

One important consequence of the Theorem 2.7 is that the operators Ti, . . . , Tn generate 
a commutative algebra. 
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3. Intertwining operator in the case of orthogonal system 

In this section, we give an intertwining operator between T^ and the directional deriva- 
tive d^ in the case of orthogonal subsystem of root system R. More precisely, we consider 
a system R = {ai, . . . , a„} composed by n vectors of M^, which are pairwise orthogonal 
and K = {ki, . . . , k„) G (0, oo)" and ^ G M^. The associated operator T^ with R and 
takes the form 

(3.1) (T,/)(x) = dJix) + J2'^A^^,0^^^^j^^^- 
Let h: M" x M^ ^ M^ be the function defined by 

(3.2) h{t, x) = x + J2ih - 1)t^"^-' 






where t = {h, . . . , t„) G M" and x G M^. 
We define 



(3.3) X.(/)(^) = T^ I f{h{t,x))w{t)dt, 

[0,1]" 



r(«:i 



[Hj). 



where «;(t) = nj=i(l " tjP'^ and r(ft;) = nj=i r( 

Theorem 3.1. Lei( / G C°°(M), t/ien t(;e have 

(3.4) T,ox«/(a:) = x.oa5/(x). 

Proof. For j = 1, . . . , n, we denote by ^j the orthogonal projection in M", with respect to 
the hyperplane (Rcj)-*" orthogonal to the vector Cj of the canonical basis (ci, . . . , e„) of 
M". The orthogonal projection 6j acts on M" as 

The system R is orthogonal, then for j = 1, . . . , n, we have 

h{t, Ta.x) =Ta.X + ^^(tfc - 1) 7 'l9 <^'= 

A:=l ' '^' 



X . — r^ftj + > (4-1)- — —ak 

I ^1 fc=i,Mi I ''I 



k 

= h{9jt, x). 
Let / G C°°(]R) and ^ G M^. The mapping x — )■ /i(t, x) is linear on R^, then we can write 
d^ifihit,x))) = d,^t,ofihit,x)) 

= d^fihit,x)) + X^(t, - l)^-^d^^f{hit,x)). 
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Hence, 



r(«;) -/[o,i]" 



daM){^) = WZ^ I d^{f{h{t,x)))w{t)dt 

d^f{h{t,x))w{t)dt 



r(«;) -/[o,i]" 



r(«) jr[ Wj? J [0,1] 

Since we can write 



+ fTT E W / (t, - l)d^J{h{t,x))w{t)dt. 



d,J{h{t,x)) = ^-^do.J{h{t,x)) 
|afc| 
and 

.1 .1 

(1 - t,pdtjihit,x))dt = -fih{9,t,x)) + t^, / il-t,p-'fihit,x))dt 

^0 

we are lead to 

U.|2 r 
d^J{h{t,x)){tj - l)w{t)dt = /-^ / dtJXh{t,x)){t, - l)w{t)dt 

{x,aj) j[o,i]n 

= s/^ / ifiHOjt, x)) - f{h{t, x)))w{t)dt 
{x,aj) j[o,i]n 

= -KjT{k) ^ , (x«(/)(a^) -X«(/)(T'aja;)). 

This, combined with the last expression of d^{xKf){x), yields 



Therefore, 

D 

4. INTERESTING CASES 

4.1. The rank one case. In the one dimensional case there is only one Dunkl-type 
operator T^ associated up to scaling and it equals to 

./W-/(o) 



T./(x) = /'(x) + 



K- 



X 

This operator leaves the space of polynomials invariant and acts on the monomials as 

T«l = 0, T^x" = (n + k)x"-\ n = 1, 2, ... . 
Its square is given by 

X X"^ X 



Consider the confluent hypergeometric function [121 E 

(a)„ 2' 



(4.1) M(a,6;;2)=^ 



n=o (^)" ^' ' 
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where (a)„ is the Pochammer symbol defined by 
(4.2) {a)n = 



^ '" r(a) 

This is a solution of the confiuent hypergeonietric differential equation 

(4.3) zy"{z) + {b-z)y'{z) = ay{z). 

This function possesses the following Poisson integral representation [15 

(4.4) M{a,b;z)- ^^^^ 



[ f-^l - tf-^^^e^'dt, ^{b) > 3f?(a) > 0. 
Jo 



r(a)r(6 — a 
Theorem 4.1. For A G C and k > —1, the problem 

(4.5) TJix) = iXfix), /(O) = 1, 
has a unique analytic solution M^i^iXx) given by 

(4.6) M^{iXx) = M{l,K + l;iXx). 

Proof. Searching a solution of (14. 5 p in the form f{z) = ^^q (^nx"^- Replacing in (14. 5p . we 
obtain 

oo oo 

Y^(n + 1 + /c)a„+ix" = iX >^ a^x" 

n=0 n=0 

Thus, 

_ ^A 

On+l — — ~~; — ; — Cln 
n + 1 + K 

and 

(iA)" 



" (« + 11 
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Remark 4.1. Multiply the equation (14. 5 p by x and differentiating both sides, we see that 
a function u of class C^ on M, is a solution of the equation (14. 5p . if and only if, it is a 
solution of the generalized eigenvalue problem 

xu" + (k + l)u' = iX{xu' + u). 

Proposition 4.2. The function Nl^{z) defined by 

satisfies the following properties : 

(i) Mk(2;) is analytic in k and z. 

(ii) Mo(^) = e^ 

(iii) For ^{k) > 0, the function Mk(z), possesses the integral representation 



M^{z) = -^ f (l-tr-'e^'dt. 

r(«;) Jo 
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(iv) For ^{k.) > 0, we have 

In particular, 

\M^{i\x)\ < 1, A, X G M. 
(v) For ^{k) > 0, and all x G R* , 

lim M^{iXx) = 0. 

A— ^+oo 

Proof, (i) and (ii) are trivial, (iii) follows from (14. 4p . For n G N, we have 



So we find 






This prove (iv). The limit (iv) follows form (iii) and the Riemann-Lebesgue Lemma. 
Definition 4.1. We define the Kummer transform on L^(]R) by 

(4.7) VAgR, -^.(/)(A)= [ f{x)M^{-iXx){x)dx 



In particular, when k, = 0, the Kummer transform coincides with the classical Fourier 
transform 



^(/)(A)= / f{x)e-'''dx. 

Jr 

Theorem 4.3. Let f be a function in L^(R) then J^n{f) belongs to Cq{W), 
where Co(M) is the space of continuous functions having as limit in the infinity. 
Furthermore, 

(4.8) ll^.(/)l|oo< ll/lli. 

Proof. It's clear that J^nif) is a continuous function on M. 
From proposition 14. 2[ we get for all x G M*, 

lim f{x)M^{iXx) = 

A— >'+oo 

and 

\f{x)M,{tXx)\ < \f{x)\. 

Since / be in L^(R), we conclude, using the dominated convergence theorem, that J^^if) 
belongs to Co(M) and 

ll-^«(/)l|oo< ll/lll. 

D 
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4.1.1. Intertwining operator. We denote by C°°(]R) the space of infinitely different iable 
functions / on M, provided witli the topology defined by the semi norms 



n,a 

0<k<n 

x£\—a,a 



sup \f''''\x)\, a>0, neN. 



In the rank one case the intertwining operator (13. 3p is given by 
(4.9) {xJ){x) = -1^ / (1 - tr~'f{tx) dt. 



r(«;; JO 

This operator is a particular case, when 7 = of the so called Erdelyi-Kober fractional 
integral K^'^ , which is given by 

(4.10) {K^''f){x) = ^ ^ (1 - tf-H-^fitx) rft, 5 > 0, 7 e M. 

Theorem 4.4. For a f function of class C^ on M, x^f ^s o- function of class C^ on M 
and we have 

d 

dx 

Proof. By the theorem of derivation under the integral sign, we can prove that %«(/) is 
of class C^ on M and 

{^ O XJ){X) = :p^ /" (1 - tr-hf'itx) dt, XER. 

dx T{k) Jq 

Using the elementary relation 

(1 - ty-H = -(1 - ty + (1 - tf^^ 

and integration by parts formula we can write, for x 7^ 

(^ o xj)ix) = --^ [\i - tyntx) dt + -^J\i- ty-'ntx) dt 

dx T[k) Jo T{k) Jq 



T{k) XX dx 

The result follows from the fact that 
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Theorem 4.5. The operator Xk, k, > 0, is a topological isomorphism from C°°(R) onto 
itself. The inverse operator x^^ is given for all f e C°°(R) by 



X-.'m = ll(^+J+x-){K'^+'''^-^f){x) 



d_ 

dx' 



where n = \k\ ( \k\ denotes the ceiling function the smallest integer > k). 

Proof Let a > and / G C°°(]R). For x e [0,a],t E [0,1] and / G N, we have the 
following estimate 

\t\l - t)^/«(xt)| < 11/11,, (1 - tr-' and f\l - tr-'dt = -. 

Jo !<' 
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By the theorem of derivation under the integral sign, we can prove that 

1 



xJeC^iR) and ||x.(/)||,a < 



T(k + 1) 



Then, Xk is a hnear continuous mapping from C°°(]R) onto its self. From formula (21) in 
[1], the operator 

JJ(l+i + x-^)oK''+i'"-'= 

J = l 



is a left-inverse of Xk, 

n 

TTn + n + % 

dx 



" 7 

(4.11) 1[{1 + J + X—) o K-+1-"- o xJ{x) = fix) 



Let consider the function 



n 7 



dx' 

3 = 1 



Using (14. lip , we get 



3=1 ^ i=i 

" 7 

oJ](l+^- + X_oiC«+l'-V(x) 
J=l 

" 7 

= JJ(l+^-+a;_0K-+l'«-/(x) 

i=i 



that implies the relation 

n 

'TTn + 1 + .7, 



" 7 

(4.12) ( J](l + J + X—) o i^-+i.--(/ - ^) = 0. 



i=i 

The functions / and ^ are in C°°{M), then ir'^+i-"-''(/ - g) ^ C°°(M). 
Since, the linear differential equation 

n 7 

j=i 

has a unique C°°-solution, which is equal to y{x) = 0, it follows that 

ir'^+i'"-"(/-c/)(x) = 0. 

On the other hand, the operator X""*'^'""'^ has a left-inverse (see, [1]), then f = g. This 
shows that the operator Xn has a right-inverse and finish the proof. D 

Let K > 0, we define the dual intertwining operator ^Xn on V(M.) (T>(R) is the space of 
C°°-functions on M with compact support) by 

(4.13) {\j){x) = —- {t-\x\r-H-''f{sgn{x)t)dt, x eR* 
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Proposition 4.6. The operator ^Xk is a topological automorphism ofV{M.), and satisfies 
the transmutation relation: 

(4.14) / ixJ)ix)gix) dx= f{x)Cx.9)ix) dx. 

Jr Jr 

Proof. Let / G C^{R) and g eV{R),we have 

{xJ){x)g{x)dx = -—- j I {x-t)''-^f{t)dtf{x)x-^dx 
r(/t) Jo Jo 

- TTTT / / {x-tY~^f{-t)dtgi-x)x~'^dx. 

r(/«) Jo io 

Using Fubini's theorem and a change of variable, we get 

{xJ){x)g{x) dx = —- / / x-^{x - tY'^g{x) dx f{t) dt 

r(/t) Jo Jt 

CO POD 



X "(x + t)" ^g{-x)dx f{t)dt. 



r(/t; JO J~t 
Therefore, 

1 Z' + OO /»oo 

{X^f){x)g{x)dx = —— / x~''(x- |t|)''"^^(si^n(t)a:)(ia;/(t)dt 

r(/t) Jo J|t| 



Proposition 4.7. Let k > 0, t/ie transformation J-'^ /ias i/ie following properties: 
[i) For f G l^(ffi), J^nif) satisfies the decomposition 

^ii) For f eV{R), we have 

J•«(^«/)(A) = ^AJ•.(/)(A). 

4.2. Multivariable case. Let ei,...,eAr be the standard basis of M^. We denote by 
Tk (for each k from 1 to A^) the orthogonal projection with respect to the hyperplane 
orthogonal to e^, that is to say for every x = {xi, . . . ,Xn) G M^ 

Tk{x) = X d-lt^k = {Xi, . . . , Xk^i, 0, Xfc+i, . . . , X]\f). 

\^K I 

Let K = {ki, K2, ■ ■ ■ , kn) G C^. The associated Dunkl type operators Tj for j = 1, ... A^, 
are given for x G M^ by 

Tjf{x) = djf{x) + ^ Ki ^ (cfc, e/) 

/(x) - /(Xi, . . . , Xj_i, 0, Xj+i, . . . , XAf) 






Xj 



These operators form a commuting system. The generalized Laplacian associated with Tj 
is defined in a natural way as 

N 

(4.15) A. = E^- 
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Proposition 4.8. 

N N 

A^ =A + 2 ^ KjXj^djf{x) - ^{k^j + Kj)x~^djf{xi, ..., Xj-i, 0, Xj+i, ..., xn)) 
j=i j=i 

N 

i=i 

This operator will play in our context a similar role to that of the Euclidean Laplacian 
in the classical harmonic analysis. Obviously, the trivial choice of the multiplicity function 
K = reduces our situation to the analysis related to the classical Laplacian A. 
Let K = (ki, . . . , Km) G (0, cxd)^. For x, A G M^, we consider the function Mk(A, x) which 
is given as the tensor products 

AT 

M^{X,x) = Y[M^^{iX,x,). 
i=i 

Theorem 4.9. For A = (Ai, . . . , A^v) € C^, the function Mk(A,x) is the unique analytic 
solution of the system 

Tku{x) = i\ku{x), m(0) = 1. 
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